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To examine the origin of negative thermal expansion in oxides
ZrVxP22xO7 (x 5 0–2) and AW2O8 (A 5 Zr, Hf ), ab initio self-
consistent-field molecular orbital calculations were carried out
for a model compound (HO)3P–O–P(OH)21

3 . Our study sug-
gests that symmetric stretching vibrations of two-coordinate
oxygen bridges are strongly coupled with their bending vibrations
and are more important for negative thermal expansion at high
temperature. The oxygen bridges accomodate a large stretching
of the A–O (A 5 Zr, Hf ) and M–O (M 5 P, V) bonds at high
temperature by decreasing the bond angles of the oxygen bridges.
When the bond angles increase, the bonds are shortened due to
the p-type orbital interactions associated with the oxygen lone
pair orbitals. ( 1997 Academic Press

INTRODUCTION

Recently, Sleight and co-workers prepared several transi-
tion metal oxides that exhibit negative thermal expansion
(1—6). For example, the thermal expansion of cubic
ZrV

x
P
2~x

O
7

(x"0—2) can be very small and even negative
as x increases (Fig. 1) (1). Cubic ZrM

2
O

7
(M"V, P) phases

have the NaCl structure with Zr4` and M
2
O4~

7
as the

cation and anion, respectively (1, 3). Each Zr is surrounded
with six M

2
O

7
units to form a ZrO

6
octahedron, so the

oxygen atoms are two-coordinate bridging atoms of the
Zr—O—M and M—O—M linkages. The crystal structure of
ZrP

2
O

7
at room temperature shows that the thermal ellip-

soids of the oxygen atoms are large primarily perpendicular
to the P—O—P and Zr—O—P bridges, and hence there is
a large uncertainty in the P—O—P and Zr—O—P bond
angles. The lattice symmetry of the high-temperature (above
&290°C) structure for ZrP

2
O

7
forces the P—O—P linkage

to be linear on average (3). However, this may be a conse-
quence of thermal motion or disordered arrangements of
bent P—O—P linkages.
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To explain the low and negative thermal expansion in
cubic ZrM

2
O

7
at high temperature, Sleight and co-workers

proposed the bending vibration model in which transverse
bending vibrations in the M—O—M linkages is considered
to shorten the M2M distances (1a) (1—5) (see Scheme 1).
This model assumes that the M—O bond lengths remain
nearly unchanged in bending vibrations, so negative thermal
expansion is easily predicted when the M—O—M linkage is
linear at low temperature. However, the normal M—O—M
bond angle is not 180° (e.g., 130°—160° for M"P) (7). In
addition, negative thermal expansion occurs in AW

2
O

8
(A"Zr, Hf ) (4—6), in which each WO

4
tetrahedron shares

three of its four oxygen atoms with adjacent AO
6

octahedra,
although their A—O—W linkages are all bent (e.g.,
¸Zr—O—W"154.3°, 171.8° at room temperature) (4). Since
the bending vibration model assumes rigid M—O bonds, the
thermal ellipsoid of M is expected to be elongated along the
direction of linear M—O—M linkage (1a, 1b). However, the
reported thermal ellipsoid (though isotropic) of M is small
(3), so that during bending vibrations the position of the
M atom does not appear to change (1c). This is possible only
if the M—O bond length decreases as the M—O—M bond
angle increases. At high temperatures (e.g., over &290°C),
thermal energies are high enough to cause extensive vibra-
tional excitations involving M—O stretching vibrations.
Consequently, M—O—M bending vibrations are expected to
be strongly coupled with M—O bond symmetric stretching
vibrations. To probe these questions, we carried out ab initio
self-consistent-field molecular orbital (SCF-MO) calcu-
lations for a model compound, (HO)

3
P—O—P(OH)2`

3
(2),

hydrogen terminated pyrophosphate ion (see Scheme 2).

RESULTS OF CALCULATIONS

Our SCF-MO calculations for 2 were performed using
the Gaussian-92 package with a 6-31G* basis set (8).



FIG. 1. Relative expansion of the unit cell of ZrV
x
P
2~x

O
7

as a function
of temperature (adapted from Fig. 2 of Ref. 1).
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For convenience, we represent the bridging oxygen atom
of the P—O—P linkage by O

B
and the remaining oxygen

atoms of 2 by O
T
’s (‘‘terminal’’ oxygen atoms). The H—O

T
bond length was fixed at 0.96 As and the P—O

T
—H bond

angle at 170.7° (i.e., the P—O
T
—Zr bond angle of ZrP

2
O

7
).

Complete optimization of the remaining geometrical para-
meters for 2 shows that P—O

B
"1.574 As , P—O

T
"1.481As ,

¸O
B
—P—O

T
"108.9°, and ¸P—O

B
—P"159.4°. Thus the

P—O—P linkage is predicted to be bent, in good agreement
with experiment (6). When the P—O

B
—P bond angle is

optimized as a function of the P—O
B

bond length, the
optimum bond angle h

015
, is found to gradually approach

180° as the P—O
B

bond length is reduced (Fig. 2). This trend
is in good agreement with experiment (7). Consequently, as
the P—O

B
bond length increases, the P2P distance in-

creases more slowly (e.g., within the range of the P—O
B
bond

lengths studied in our calculations, &8% increase in the
P—O

B
bond length induces &2.5% increase in the P2P

distance). The electronic factor leading to the M—O bond
shortening is the n-type orbital interactions of the oxygen
lone pair orbitals with the acceptor n* orbitals of the MO

4

SCHEME 1
groups (3a for P
2
O

7
and 3b for V

2
O

7
) (9) (see Scheme 3).

These stabilizing interactions become stronger, and hence
the M—O bond length becomes shorter, as the M—O—M
bond angle approaches 180°. Thus, during P—O

B
—P ben-

ding vibrations, the P—O
B

bond length cannot remain con-
stant but becomes shorter as the P—O

B
—P bond angle

approaches 180°. Therefore, P—O
B

bond symmetric stretch-
ing vibrations should be strongly coupled with P—O

B
—P

bending vibrations (10).
Our results for 2 are essentially the same in nature

as those found for the disiloxy unit (HO)
3
Si—O—Si(OH)

3
(11, 12): the Si—O—Si linkage is bent, and the Si—O
bond length decreases as the Si—O—Si bond angle ap-
proaches 180°. The latter has been explained in terms
of the n-type orbital interactions of the oxygen lone pair
orbital with the acceptor n* orbitals of the SiO

4
groups

(11, 12).
FIG. 2. Optimum P—O
B
—P bond angle, h

015
, of 2 calculated as function

of the P—O
B

bond length.
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DISCUSSION

At high temperatures it is reasonable to assume that there
occur extensive vibrational excitations involving Zr—O and
M—O bond stretching in ZrM

2
O

7
, thereby increasing the

equilibrium Zr—O and M—O bond lengths. Thus, small or
negative thermal expansion at high temperature should be
considered as a consequence of accommodating increased
bonds and their symmetric stretching vibrations confined in
the Zr—O—M and M—O—M linkages. At high temperatures,
the vibrationally stretched Zr—O and M—O bonds are
longer than their equilibrium bond lengths, and simulta-
neous stretching of two bonds in the Zr—O—M and
M—O—M linkages is facilitated if the Zr2M and M2M
distances are decreased. This is reasonable because the po-
tential well for bending is much softer than that for stretch-
ing. When the bonds contract vibrationally so that the
Zr—O—M and M—O—M bond angles increase, the n-type
orbital interactions involving the oxygen lone pair orbitals
become enhanced and shorten the bonds, which has the
effect of preventing the Zr2M and M2M distances from
increasing. This symmetric stretching vibration model is
more favorable if the equilibrium geometries of the two-
coordinate oxygen bridges are bent.

The symmetric stretching vibration model is consistent
with the observation for ZrP

2
O

7
that the oxygen atoms of

not only the P—O—P but also of the Zr—O—P linkages have
large thermal ellipsoids perpendicular to the bonds (3). The
n-type orbital interactions involving the oxygen lone pair
orbital are expected to be stronger with the empty d-block
orbitals of the ZrO

6
octahedron and VO

4
tetrahedron than

with the n*-type group orbitals of the PO
4

tetrahedron (9).
Thus, the bond shortening effect in the M—O—M and
Zr—O—M linkages would be stronger for M"V than for
M"P. This explains why in ZrV

x
P
2~x

O
7

the tendency for
negative thermal expansion increases with increasing x
(Fig. 1). In a similar manner, the negative thermal expansion
of AW

2
O

8
(A"Zr, Hf ) at high temperature can be ex-

plained in terms of the symmetric stretching vibrations of
the A—O—W (A"Zr, Hf ) bridges. This is consistent with
the finding that the thermal ellipsoids of the bridging
oxygen atoms in ZrW
2
O

8
are larger perpendicular to the

bonds (4, 5).
The symmetric stretching vibration model is the same as

the bending vibration model of Sleight and co-workers in
that vibrations involving two-coordinate oxygen bridges are
considered essential for negative thermal expansion. As al-
ready mentioned, the bending vibrations should be strongly
coupled with symmetric stretching vibrations, and the equi-
librium bond lengths should decrease as the bond angle
increases toward 180°. Nevertheless, the major character
of these coupled vibrations would be bending at low
temperature, but symmetric stretching at high temperature.
AW

2
O

8
(A"Zr, Hf ) systems are remarkable in that they

exhibit negative thermal expansion from 0.3 K up to their
decomposition temperatures of approximately 1050 K (4, 5).
It is reasonable to explain the negative thermal expansion of
these compounds in terms of the bending vibrations at low
temperature and in terms of the symmetric stretching vibra-
tions at high temperature.

CONCLUDING REMARKS

In the symmetric stretching vibration model, negative
thermal expansion at high temperature is viewed as a way
of accommodating increased bond stretching. This model
suggests that small or negative thermal expansion at high
temperatures occurs in oxides made up of two-coordinate
oxygen bent-bridges when the following two conditions are
met: (a) the oxygen atoms are linked to groups possessing
low-lying n-type acceptor orbitals so that bond shortening
effect is enhanced when the bond angle of the oxygen atom
bridges increases, and (b) there is enough room around the
oxygen atoms so that the oxygen bridges can undergo
significant symmetric bond stretching vibrations.

ACKNOWLEDGMENTS

This work was supported by the U.S. Department of Energy, Office of
Basic Sciences, Division of Materials Sciences, under Grant DE-FG05-
86ER45259. M.-H. W. thanks Professor A. W. Sleight for invaluable
discussion and references.

REFERENCES

1. V. Korthuis, N. Khosrovani, A. W. Sleight, N. Roberts, R. Dupree, and
W. W. Warren, Jr., Chem. Mater. 7, 412 (1995).

2. A. W. Sleight, Endeavour 19, 64 (1995).
3. N. Khosrovani, V. Korthuis, A. W. Sleight, and T. Vogt, Inorg. Chem.

35, 485 (1996).
4. T. A. Mary, J. S. O. Evans, T. Vogt, and A. W. Sleight, Science 272, 90

(1996).
5. J. S. O. Evans, T. A. Mary, T. Vogt, M. A. Subramanian, and A. W.

Sleight, Chem. Mater. 8, 2809 (1996).
6. J. S. O. Evans, Z. Hu, J. D. Jorgensen, D. N. Argyriou, S. Short, and

A. W. Sleight, Science 275, 61 (1997).



LETTER TO THE EDITOR 163
7. N. S. Mandel, Acta Crystallogr. Sect. B 31, 1730 (1975) and references
therein.

8. M. J. Frish, G. W. Trucks, M. Head-Gordon, P. M. W. Gill, M. W.
Wong, J. B. Foresman, B. G. Johnson, H. B. Schlegel, M. A. Robb, E. S.
Replogle, R. Gomperts, J. L. Andres, K. Raghavachari, J. S. Binkley,
C. Gonzalez, R. L. Martin, D. J. Fox, D. J. Defrees, J. Baker, J. J. P.
Stewart, and J. A. Pople, ‘‘Gaussian-92, Revision D.2,’’ Gaussian, Inc.,
Pittsburgh, 1992.

9. T. A. Albright, J. K. Burdett, and M.-H. Whangbo, ‘‘Orbital Inter-
actions in Chemistry,’’ Wiley, New York, 1985.

10. Our calculations show that the linear inversion barrier *E
*/7

of the
P—O

B
—P linkage is small, and so is the force constant for bending

vibration kh of the P—O
B
—P linkage. Both *E

*/7
and kh decrease as

the P—O
B

bond is shortened. For example, *E
*/7

"1.95, 1.22, 0.61,
and 0.18 kcal/mol and kh"9.86, 7.48, 5.53, and 3.87 N/m for P—O
B
"

1.664, 1.634, 1.604, and 1.574 As , respectively. Calculations of the
stretching force constant k

453
for the symmetric stretching vibration of

the two P—O
B

bonds in the P—O
B
—P linkage show that k

453
"1413,

1366, 1345, 1327, 1318, and 1314 N/m for ¸P—O
B
—P"130, 140, 150,

160, 170, and 180°, respectively. Thus the stretching force constant, and
hence the P—O

B
bond strength, decreases as the P—O

B
—P bond angle

increases.
11. M. D. Newton, in ‘‘Structure and Bonding in Crystals,’’ (M. O’Keefe

and A. Navrotsky, Eds.), Vol. 1, Chap. 8, Academic Press, New York,
1981.

12. G. V. Gibbs, E. P. Meagher, M. D. Newton, and D. K. Swanson, in
‘‘Structure and Bonding in Crystals,’’ (M. O’Keefe and A. Navrotsky,
Eds.), Vol. 1, Chap. 9, Academic Press, New York, 1981.


	FIGURES
	FIGURE 1
	FIGURE 2

	SCHEMES
	SCHEME 1
	SCHEME 2
	SCHEME 3

	INTRODUCTION
	RESULTS OF CALCULATIONS
	CONCLUDING REMARKS
	ACKNOWLEDGMENTS
	REFERENCES

